Abstract: We present the complete set of planar master integrals relevant to the calculation of three-point functions in four-loop massless Quantum Chromodynamics. Employing direct parametric integrations for a basis of finite integrals, we give analytic results for the Laurent expansion of conventional integrals in the parameter of dimensional regularization through to terms of weight eight.
Introduction
Due to their relevance to Drell-Yan lepton pair production [1] and Higgs boson production via gluon fusion [2] [3] [4] [5] [6] , the basic quark and gluon form factors of massless Quantum Chromodynamics (QCD) have played a very important role in the development of the subject. For example, it has long been understood that the massless quark and gluon form factors provide a clean theoretical laboratory for the study of the dimensionally-regulated infrared singularities of perturbative scattering amplitudes in non-Abelian gauge theories [7] . In particular, the cusp and collinear anomalous dimensions can be conveniently extracted from the ǫ −2 and ǫ −1 poles of the bare form factors [8] .
The four-loop cusp anomalous dimensions are especially relevant to cutting-edge analyses of Drell-Yan lepton production and gluon-fusion Higgs boson production because they are the last remaining ingredients required for a resummation of the next-to-next-to-nextto-leading Sudakov logarithms which are known only approximately [9, 10] . It is therefore unsurprising that the four-loop form factors and cusp anomalous dimensions of QCD have received significant recent attention [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Similar studies in N = 4 super Yang-Mills theory [23] [24] [25] [26] should ultimately provide a very useful cross-check on the QCD results via the principle of maximal transcendentality [27] . As a central building block for the complete calculation of the four-loop form factors of massless QCD, we extend previous results and present complete analytic expressions for all planar four-loop master integrals in this paper for the first time. The covering topologies are shown in Fig. 1 .
This article is organized as follows. In Section 2, we discuss our conventions, notation, and setup. We summarize our computational method in Section 3 and our results for the most interesting integrals are provided in Section 4. Finally, we give an outlook in Section 5. We assemble the results for all 99 planar master integrals in the ancillary file ff4l-ints-pl.m on arXiv.org. Figure 1 . A covering set of top-level integral topologies which, via edge contraction, generate the topologies of the ninety-nine irreducible planar four-loop form factor integrals.
Preliminaries
In this section, we establish some notation and describe our enumeration of the planar four-loop form factor master integrals. We use Minkowskian propagators and choose an absolute normalization of
for our four-loop Feynman integrals in d spacetime dimensions. Our integrals depend on the virtuality, q 2 = (p 1 + p 2 ) 2 , in a trivial manner dictated by dimensional analysis. Therefore, without loss of generality, we set q 2 = −1 throughout this work. To understand our conventions, it suffices to study the four-loop generalized sunrise integral:
As a first non-trivial step, we construct a single Reduze 2 [28] [29] [30] integral family (see Table 1 ) which covers all planar sectors (or topologies). To achieve this, we make highlysymmetric choices for the auxiliary propagators of the four-loop planar ladder form factor integral topology. At this stage, Reduze 2 allows for the construction of a compact sector selection encoding the minimal number of sectors for which integration by parts reductions are required. After carrying out integral reductions for all Feynman integrals with our inhouse reduction code, we find just ninety-nine master integrals in ninety-seven sectors. In other words, only two of our master integral topologies are of the multi-component type. For these topologies, we prefer to work with squared propagators, marked with dotted edges at the level of graphs (see Figure 2) . Finally, we remark that we use the physicists' convention for ζ 5,3 , 
Computational Details
In this section, we describe our computation of the master integrals. For all master integrals which diverge in four dimensions, we first derive dimensional recurrence relations [31, 32] and map to alternative finite integrals along the lines discussed in [11, 33] . The
Reduze 2 job find finite integrals efficiently generates a large number of finite integral candidates, which then facilitate the construction of the alternative finite basis. The change of basis to our alternative finite master integrals requires non-trivial integration by parts reductions for which we use finite field sampling and rational reconstruction [34, 35] , see also [36] . A key advantage of Finred, the private reduction program developed by one of us which realizes these ideas, is that it may be run in a highly-distributed manner on a computer cluster.
With these auxiliary integral reductions in hand, the problem reduces to one of finite Feynman integral evaluation. In all cases, the integrals are linearly reducible and accessible to HyperInt [37] , a program for Feynman parametric integration, out of the box. The
HyperInt program is capable of detecting and integrating out massless one-loop bubbles, a feature which pays off tremendously in a large number of cases. In fact, we find only twenty-eight integrals free of massless one-loop bubble insertions. Of these, five are twopoint functions which were calculated already some time ago [38, 39] . This leaves us with just twenty-three non-trivial master integrals, for which we give explicit expressions through to weight eight in the next section.
Before proceeding, let us first stress one subtle point. It is essential for our workflow to avoid evaluating complicated finite four-loop Feynman integrals to excessively high orders in ǫ. In order to achieve this, it is necessary to select a basis of finite integrals for which complete weight eight information at the level of the finite basis integrals implies complete weight eight information at the level of the corresponding conventional basis integrals [22, 40] . What is perhaps surprising is how restrictive this requirement turns out to be in some cases. For example, the Feynman integral
appears to be the only one in this sector which is both finite in d = 6 − 2ǫ and allows for a faithful mapping of the weights in the sense just described. 1 In other words, if one would insist upon some other choice of finite integral in 6 − 2ǫ dimensions not related to Eq. (3.1) by symmetry, it would actually be necessary to Taylor expand a finite twelve-line integral through to O ǫ 2 in order to reproduce the weight eight information in Eq. (4.1). From a computational point of view, it is usually desirable to avoid the evaluation of such higher-order expansion coefficients.
Results
In this section, we present explicit expressions through to weight eight for the subset of planar four-loop three-point master integrals which do not have any massless one-loop bubble insertions. Results for the first two twelve-line topologies of Figure 1 were given, respectively, in references [15] and [12] and, very recently, results were given in reference [19] The new results given above and in the ancillary file ff4l-ints-pl.m included with our arXiv submission were cross-checked either by computing them twice with separate sets of finite integrals or by evaluating them in closed form to all orders in ǫ [41] . After an integration by parts reduction, we see that the results of [12] and [15] agree completely with our Eqs. (4.1) and (4.2). We also find complete agreement with the subset of planar master integrals made public recently by the authors of [19] . Finally, it is worth mentioning that many factorizable master integrals occur. These may be evaluated immediately by taking products of the well-known lower-loop results [11, [41] [42] [43] [44] [45] [46] [47] [48] . For the convenience of the reader, all ninety-nine master integrals are given through to weight eight in ff4l-ints-pl.m, including expressions in our normalization for the previously-published, planar four-loop two-point master integrals [38, 39, 49] .
Outlook
In this paper, we evaluated the previously-unpublished planar massless four-loop form factor master integrals in dimensional regularization using the finite integral method [11, 33] . In particular, we provided explicit expressions in Section 4 for all planar three-point master integrals without one-loop massless bubble insertions, up to and including terms of weight eight. The computational strategy employed in this paper may also be fruitfully applied to treat Feynman integrals in non-trivial non-planar topologies (see reference [22] ). However, it is usually far more challenging to evaluate non-planar finite Feynman integrals through to weight eight. Therefore, it remains unclear whether one should expect the finite integral method to be competitive in all cases with other approaches to single-scale Feynman integrals, such as the method of Henn, Smirnov, and Smirnov [48] .
